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Abstract
We present a menagerie of solutions to the vacuum Einstein equations in six, eight and ten
dimensions. These solutions describe spacetimes which are either locally asymptotically adS or
locally asymptotically flat, and which have non-trivial topology. We discuss the global structure of
these solutions, and their relevance within the context of M-theory.
1 Introduction: The NUTs and bolts of higher dimensional spaces
As is well known, every odd dimensional sphere S2k+1 may be expressed, via the ‘Hopf fibration’, as a
U(1) bundle over CPk [1]:
S2k+1 ≡ U(1) −→ CPk
What is perhaps less well known, is that this fibration allows us to place a canonical Lorentz metric
(which is non-singular and time-orientable) on any odd dimensional sphere. Explicitly, one writes the
Lorentz metric gL as
gL = gR − 2Vˆ ⊗ Vˆ ,
where gR is the standard round Riemannian metric and Vˆ is the one-form dual to the unit vector
field V which is tangent to the Hopf fibration. If Za, a = 1, . . . k + 1 are complex coordinates for
R
2k+2 ≡ Ck+1 then the Hopf fibration corresponds to the SO(2) ⊂ SO(2k + 2) action :
Za → exp(it)Za
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†email: chamblin@mit.edu
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and
V =
∂
∂t
.
The case k = 1 should be familiar because it is encountered in the four dimensional Taub-NUT
and Taub-NUT-adS solutions of Einstein’s equations, which play a central role in the construction
of diverse and interesting M-theory configurations. Indeed, Taub-NUT is central to the supergravity
realization of the D6-brane of type IIA string theory, and Taub-NUT-adS in four dimensions provided
the first testbed for the adS/CFT correspondence in spacetimes where the asymptotic structure was
only locally asymptotically adS [3], [4]. It is therefore natural to suppose that the higher dimensional
generalizations of these spacetimes might provide us with a window on some interesting new corners
of the M-theory moduli space.
Our construction of these higher-dimensional spacetimes is based on the construction of Bais and
Batenberg [5], who found higher dimensional Riemannian metrics with the same topological structure.
In [6] the Lorentzian sections for the Bais-Batenberg metrics were written down1. While the general
form of these solutions was constructed in [7] 2, the global structure of these solutions has not been
discussed. One purpose of this note is to discuss the global topology of these solutions (in particular
the issue of spin structure), and also to discuss the behaviour of curvature invariants.
Following Bais and Batenberg, let {B, gB,FB} be a 2k-dimensional Einstein-Ka¨hler manifold with
Ka¨hler form FB which obeys the Dirac quantization condition, i.e., it represents an integral class[
1
2pi
FB
]
∈ H2(B;Z)
Then FB may be realized as the curvature of an S1 bundle over B. Let
e0 = dt+A
where 0 ≤ t < 4pi is a coordinate on the S1 fibre and A the ‘potential’ for the field FB, so that
dA = FB
Then we will say that a (2k + 2)-dimensional time-orientable Lorentzian metric is a Taub-NUT-type
metric if it can be written in the following form:
F−1(r)dr2 + (r2 +N2)gB −N2F (r)e0 ⊗ e0 (1.1)
where F (r) is some function of r only and N is the ‘NUT charge’. Clearly, N measures the size of
the S1 fibre, and so in general it measures how ‘squashed’ the sphere is. We will often refer to B as
the ‘base space’, since it is the base space for the fibre bundle. In the usual way, a solution describes
a ‘NUT’ if the fixed point set of e0 (i.e., the points where F (r) vanishes) is zero dimensional, and it
describes a ‘bolt’ if the fixed point set is higher dimensional. Thus, if a metric of the form (1.1) solves
the vacuum Einstein equations with a negative cosmological constant, then we will say that it is a
Taub-NUT-adS (TN-adS) solution when the fixed point set of e0 is zero dimensional, and that it is a
Taub-bolt-adS (TB-adS) solution when the fixed point set is higher dimensional. Likewise, if it solves
the vacuum equations with vanishing Ricci scalar then we will say it is a Taub-NUT (TN) or Taub-bolt
(TB) metric accordingly.
1In fact, in [6] it was shown that four dimensional Taub-NUT space is its own anti-particle, in the sense that there exists
a diffeomorphism in the identity component Diff0 of the diffeomorphism group the reverses the light cones everywhere.
Surprisingly, there is a topological obstruction to the existence of such a diffeo for the six dimensional Taub-NUT solution.
2We thank M. Taylor-Robinson for pointing this out.
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2 Six Dimensional Solutions
2.1 Taub-NUT-adS solution
For simplicity, we will mainly consider the Euclidean sections for these metrics. The Lorentzian sections
may be obtained by analytically continuing the coordinate τ and also the parameter n (i.e., one replaces
n2 with −N2). With this in mind, using S2 × S2 as a base space, the Taub-NUT-adS solution has the
following form
ds2 = F (r)(dτ + 2n cos θ1dφ1 + 2n cos θ2dφ2)
2 + F (r)−1dr2 + (r2 − n2)(dθ12
+sin2 θ1dφ1
2 + dθ2
2 + sin2 θ2dφ2
2), (2.2)
where F is given by
F (r) =
1
3l2(r2 − n2)2
[
3r6 + (l2 − 15n2)r4 − 3n2(2l2 − 15n2)r2 − 6mrl2 − 3n4(l2 − 5n2)
]
(2.3)
In order for this to describe a NUT solution, it must be the case that F (r = n) = 0, so that all of
the extra dimensions collapse to zero size at the fixed-point set of ∂τ . This can only happen when the
mass parameter is fixed to be
mn =
4n3(6n2 − l2)
3l2
(2.4)
If the mass parameter is not fixed in this way, then F (rb > n) = 0 and we will recover a bolt solution.
We will say more about these solutions below. Fixing the mass at the value (2.4), we find that F(r) is
given as
F (r) =
(r − n)(3r3 + 9nr2 + (l2 + 3n2)r + 3n(l2 − 5n2))
3(r + n)2l2
(2.5)
In order to avoid conical singularity the fiber has to close smoothly at r = n, and consequently
βF ′(r = n) = 4pi where β = ∆τ is the period of τ . This constraint then implies that
β = 12pin (2.6)
However, even if we avoid a coordinate singularity in this way, there is still a curvature singularity
at the location of the nut, r = n. Indeed, we find that the Riemann curvature invariant diverges as
RijklRijkl ∼ (r2 − n2)−2. As first discussed by Bais and Batenberg [5], we expect such a singularity
whenever we take B 6= CPk. We will have more to say about such singularities later in the paper.
2.2 Taub-bolt-adS solution
In order to have a regular bolt at r = rb > n, we must satisfy the following two conditions simultane-
ously:
(i) F (rb) = 0
(ii) F ′(rb) =
1
3n
Condition (ii) follows from the fact that we still want to avoid a conical singularity at the bolt, together
with the fact that the period of τ will still be 12pin. Obviously, in this case r2 − n2 will not vanish
at r = rb and so the fixed point set of the Killing field ∂τ will be a four-dimensional bolt with the
topology S2 × S2. If we impose condition (i), then we find that the mass is fixed:
m = mb =
−1
6l2
[3rb
5 + (l2 − 15n2)rb3 − 3n2(2l2 − 15n2)rb − 3n4(l2 − 5n2)/rb] (2.7)
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From which we may deduce that
F ′(rb) =
5(r2 − n2) + l2
rl2
(2.8)
If we now impose condition (ii), we recover rb as a function of n and l:
rb± =
1
30n
(
l2 ±
√
l4 − 180n2l2 + 900n4
)
(2.9)
To have a real value for rb the discriminant in the above equation must be non-negative. Adding the
previous condition to the requirement that rb > n this leads to
n ≤
(
3− 2√2
30
) 1
2
l (2.10)
Unlike the NUT, this solution has no curvature singularities and is everywhere regular.
2.3 Taub-NUT and Taub-Bolt solutions
We may recover a NUT or bolt solution of the vacuum Einstein equations with a vanishing cosmological
constant3 simply by taking the limit l −→ ∞ in the metric (2.2), from which we recover the following
form for F :
F (r) =
r4/3− 2n2r2 − 2mr − n4
(r2 − n2)2 (2.11)
For the NUT case the mass is
mn = −4n
3
3
(2.12)
In case of bolt solution, the mass has the form
mb =
1
2
(rb
3/3 − 2n2rb − n4/rb) (2.13)
where rb in this case is
rb = 3n (2.14)
Notice that the only branch from the adS solution that contributes here (i.e. l → ∞ ) is rb+. Again
there is a curvature singularity for the NUT (at r = n), but no singularity for the bolt.
Since this solution is Ricci flat in six dimensions, we may take the product of this metric with
five-dimensional Minkowski space in order to obtain a solution of the IIA supergravity theory. The
size of the S1 fibre is then the size of the eleventh dimension, and therefore determines the string
coupling constant.
2.4 Solutions with B = CP2
The following six dimensional solution generalizes the Taub-NUT metric found by Bais and Batenberg
to include a negative cosmological constant. This metric is given by
ds2 = F (r)(dτ +A)2 + F (r)−1dr2 + (r2 − n2)dΣ22, (2.15)
3We think that solutions with B 6= CPk in the limit l→∞ were not known before. However, it is worth pointing out
that higher dimensional locally asymptotically flat solutions were studied in [12].
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where dΣ2
2 is the metric over CP2 which has the following form
dΣ2
2 =
du2
(1 + u2/6)2
+
u2
4(1 + u2/6)2
(dψ + cos θdφ)2 +
u2
4(1 + u2/6)
(dθ2 + sin2 θdφ2), (2.16)
also A is given by
A =
u2
2(1 + u2/6)
(dψ + cos θdφ) (2.17)
In this case F (r) has exactly the same form as for the choice B = S2×S2. We will say more about that
later. If we take the l −→ ∞ limit of (2.3), in the NUT case, we recover the form for F (r) discovered
by Bais and Batenberg (2.11) [5]. In accordance with the Bais-Batenberg prediction, this solution is
free of curvature singularities.
3 Eight Dimensional Solutions
3.1 Taub-NUT-adS solution
The following metric is a result of a U(1) fibration over S2 × S2 × S2:
ds2 = F (r)(dτ + 2n cos θ1dφ1 + 2n cos θ2dφ2 + 2n cos θ3dφ3)
2 + F (r)−1dr2 + (r2 − n2)(dθ12
+sin2 θ1dφ1
2 + dθ2
2 + sin2 θ2dφ2
2 + dθ3
2 + sin2 θ3dφ3
2), (3.18)
where F(r) has the form
F (r) =
5r8 + (l2 − 28n2)r6 + 5n2(14n2 − l2)r4 + 5(3l2 − 28n2)r2 − 10mrl2 + 5n6(l2 − 7n2)
5l2(r2 − n2)3 (3.19)
In order to have a NUT solution in this case, the mass parameter m must be
m = mn =
8n5(l2 − 8n2)
5l2
(3.20)
Again by fixing the mass at the above value, we find that F(r) is given as
F (r) =
(r − n)(5r4 + 20nr3 + (l2 + 22n2)r2 + (4nl2 − 12n3)r − 35n4 + 5l2n2)
5(r + n)3l2
(3.21)
In order to avoid a conical singularity the fiber has to close smoothly at r = n, and consequently
βF ′(r = n) = 4pi where β = ∆τ is the period of τ . This constraint then implies that
β = 16pin (3.22)
Again, even though we have managed to avoid a conical defect there is still a curvature singularity at
the NUT, where we find that RijklRijkl ∼ (r2 − n2)−2.
3.2 Taub-bolt-adS solution
In order to have a regular bolt solution we must impose the following conditions simultaneously:
(i) F (rb) = 0
(ii) F ′(rb) =
1
4n
whence the mass is fixed to be
m = mb =
1
10l2
[rb
7 + (l2 − 28n2)rb5 + 5n2(14n2 − l2)rb3 + 5(3l2 − 28n2)rb + 5n6(l2 − 7n2)/rb] (3.23)
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From this we have
F ′(rb) =
7(r2 − n2) + l2
rl2
(3.24)
To satisfy (ii), rb must be
rb± =
1
56n
(
l2 ±
√
l4 − 448n2l2 + 3136n4
)
(3.25)
Requiring that rb is real and greater than n implies that
n ≤
(
4−√15
56
) 1
2
l (3.26)
Again, this solution possesses no curvature singularities.
3.3 Taub-NUT and Taub Bolt solutions
Again, if we take the limit l −→ ∞ in the function (3.12) we will obtain a Ricci flat solution. Doing
this we obtain the form for F:
F (r) =
r6 − 5n2r4 + 15r2 − 10mr + 5n6
5(r2 − n2)3 (3.27)
In this limit the NUT mass is
mn =
8n5
5
(3.28)
One can obtain a bolt solution in this limit by requiring rb > n. The mass of this solution is
mb =
1
10
(rb
5 − 5n2rb3 + 15rb + 5n6/rb), (3.29)
where
rb = 4n (3.30)
There is a curvature singularity at the NUT, and the bolt is everywhere regular. Again, since this is
Ricci flat we may take the product of this solution with three-dimensional Minkowski space to obtain
a solution of eleven-dimensional SUGRA with vanishing four-form field strength (or equivalently IIA
SUGRA with the dilaton VEV set by the size of the S1 fibre).
3.4 Solutions with B = S2 × CP2
The following metric is a result of a U(1) fibration over S2 × CP2:
ds2 = F (r)(dτ +A)2 + F (r)−1dr2 + (r2 − n2)(dΣ22 + dΩ22), (3.31)
where dΣ2
2 is again the metric over CP2 and dΩ2
2 is the metric over S2
dΩ2
2 = dθ1
2 + sin2 θ1dφ1
2, (3.32)
also A is given by
A = cos θ1dφ1 +
u2
2(1 + u2/6)
(dψ + cos θdφ). (3.33)
Again the form of F (r) is exactly the same as for the choice B = S2 × S2 × S2. As a result these
solutions will share the same properties of the B = S2 × S2 × S2 solutions. In this case we have also
curvature singularity for both the NUT and NUT−adS cases (Again RijklRijkl ∼ (r2−n2)−2), but the
bolt solutions are everywhere regular.
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4 Ten Dimensional Solutions
4.1 Taub-NUT-adS solution
The following metric is a result of a U(1) fibration over S2 × S2 × S2 × S2:
ds2 = F (r)(dτ + 2n cos θ1dφ1 + 2n cos θ2dφ2 + 2n cos θ3dφ3 + 2n cos θ4dφ4)
2 + F (r)−1dr2 + (r2 − n2)(dθ12
+sin2 θ1dφ1
2 + dθ2
2 + sin2 θ2dφ2
2 + dθ3
2 + sin2 θ3dφ3
2 + dθ4
2 + sin2 θ4dφ4
2), (4.34)
where F(r) has the form
F (r) =
1
35l2(r2 − n2)4 [35r
10 + 5(l2 − 45n2)r8 + 14n2(45n2 − 2l2)r6 + 70n4(l2 − 15n2)r4
+ 35n6(45n2 − 4l2)r2 − 70mrl2 + 35n8(9n2 − l2)] (4.35)
In order to have a NUT solution in this case, the mass parameter m must be
m = mn =
64n7(10n2 − l2)
35l2
(4.36)
Again by fixing the mass at the above value, we find that F(r) is given as
F (r) =
(r − n)(35r5 + 175nr4 + (300n2 + 5l2)r3 + (25nl2 + 100n3)r2 + (47n2l2 − 295n4)r − 315n5 + 35l2n3)
35(r + n)4l2
(4.37)
In order to avoid a conical singularity the fiber has to close smoothly at r = n, and consequently
βF ′(r = n) = 4pi where β = ∆τ is the period of τ . This constraint then implies that
β = 20pin (4.38)
The curvature singularity at the NUT is signalled by the divergence RijklRijkl ∼ (r2 − n2)−2.
4.2 Taub-bolt-adS solution
In this case the conditions we must satisfy in order to have a regular bolt solution are
(i) F (rb) = 0
(ii) F ′(rb) =
1
5n
so that the mass is fixed to be
mb =
1
70l2
[35rb
9 + (5l2 − 225n2)rb7 + n2(630n2 − 28l2)rb5
+ n4(70l2 − 1050n2)rb3 + n6(1575n2 − 140l2)rb + n8(315n2 − 35l2)] (4.39)
From this we compute
F ′(rb) =
9(r2 − n2) + l2
rl2
(4.40)
To satisfy (ii), rb must be
rb± =
1
90n
(
l2 ±
√
l4 − 9002l2 + 8100n4
)
(4.41)
As we mentioned previously conditions on rb lead to the following constraint on n
n ≤
(
5− 2√6
90
) 1
2
l (4.42)
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4.3 Taub-NUT and Taub-Bolt solutions
If we take the l −→ ∞ limit of (4.18) we recover the following form for F (r):
F (r) =
5r8 − 28n2r6 + 70n4 − 140n6r2 − 70mr − 35n8
35(r2 − n2)4 (4.43)
The NUT mass for this solution becomes
mn =
−64n7
35
(4.44)
In the case of bolt solution, the mass of has the form
mb =
1
70
[5rb
7 − 28n2rb5 + 70n4rb3 − 140n6rb − 35n8/rb], (4.45)
where
rb = 5n (4.46)
As expected the NUT is singular (at r = n) and the bolt is not. This solution is Ricci flat in ten
dimensions and so we obtain a solution of eleven dimensional SUGRA by multiplying with a trivial time
direction −dt2. It would be interesting to have a deeper understanding of the ‘braney’ interpretation
of these solutions.
4.4 Solutions with B = S2 × S2 × CP2 and CP2 × CP2
The following metric is a result of a U(1) fibration over S2 × S2 × CP2:
ds2 = F (r)(dτ +A)2 + F (r)−1dr2 + (r2 − n2)(dΣ22 + dΩ22 + dΩ′22), (4.47)
where dΣ2
2 are again the metrics over CP2, dΩ2
2 and dΩ′2
2 are the metrics over S2. A is given by
A = cos θ1dφ1 + cos θ2dφ2 +
u2
2(1 + u2/6)
(dψ + cos θdφ). (4.48)
The coordinates with subscript “1” and “2” are the coordinates of the spheres but those without
subscript are the coordinates of CP2. One can construct another solution using a U(1) fibration over
CP
2 × CP2 instead:
ds2 = F (r)(dτ +A)2 + F (r)−1dr2 + (r2 − n2)(dΣ22 + dΣ′22), (4.49)
where dΣ′2
2 is another metric over CP2. A in this case is given by
A =
u′2
2(1 + u′2/6)
(dψ′ + cos θ′dφ′) +
u2
2(1 + u2/6)
(dψ + cos θdφ). (4.50)
Again the form of F (r) for both cases is exactly the same as for the choice B = S2 × S2 × S2 × S2
and the three cases share the same properties. In these three cases there is a curvature singularity
for both the NUT and NUT-adS solutions (i.e. RijklRijkl ∼ (r2 − n2)−2), but the Bolt and Bolt-adS
solutions are regular everywhere.
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5 Global structure: adS/CFT on exotic manifolds?
We have presented solutions of the vacuum Einstein equations with a negative cosmological constant,
which are only locally asymptotic to adS space. We now briefly digress on the global structure of these
solutions, and what we might hope to learn within the context of the adS/CFT correspondence. As is
well known, the adS/CFT correspondence asserts that the propagators for a large N supersymmetric
CFT on the boundary ∂M of some locally asymptotically adS space M, are actually equivalent to
supergravity partition functions in the bulk of M. In spite that most of the studied cases in the
adS/CFT context were only anti–de–Sitter spacetimes in 2, 3, 4, 5, and 7 dimensions, it has been
shown that the massive type IIA theory admits a wrapped-product solution of adS6 with S
4 which
turns out to be the near-horizon geometry of a semi-localized D4/D8 brane intersection [13, 14, 15, 16].
Therefore, it is interesting to look for higher dimensional solutions–especially in six dimensions–such as
Taub-NUT and Taub-Bolt spacetimes and study their thermodynamics in the context of the adS/CFT
correspondence. Leaving thermodynamics of these solutions for a future work, here we would like to
discuss the golbal structure of these solutions.
For our solutions the boundary is generically a U(1) fibre bundle over B
∂M = S1 −→ B
with a metric
ds2boundary = g
B +
n2
l2
(dτ +A)⊗ (dτ +A) (5.51)
where A is potential for the field FB. Thus, these solutions provide a window of opportunity for the
study of conformal field theories on (Euclidean) spaces with exotic topologies. Indeed, as in [3], [4] we
should be able to understand the thermodynamic phase structure of a CFT on one of these spaces by
working out the corresponding phase structure for the supergravity solutions in the bulk. 4
Of course, one might be concerned by the appearance of naked singularities in the bulk of these
manifolds. However, we would argue that from the point of view of the adS/CFT duality it may
be possible to resolve these singularities. Indeed, if we invoke the criterion of Gubser [9] then these
singularities are ‘good’, in the sense that a finite temperature deformation will yield a non-singular
solution (i.e., a bolt). In fact, we would assert that our analysis leads to a rather interesting prediction:
A CFT on a Euclidean manifold of the form (5.51) must have some phase which is dual to a singular
bulk supergravity solution, if B 6= CPk. Put another way, changing the topology of the boundary where
the CFT is defined can have dramatic consequences for the bulk geometry. It would be interesting to
know if it is possible to explicitly resolve the bulk singularity, through some mechanism such as that
discussed in [10].
It is also worth commenting on the global topological structure of these solutions. Recall [3] that
in four dimensions, Taub-bolt and Taub-bolt-adS do not admit a spin structure5. Basically, this is
because the bolt itself is a two-cycle with odd self-intersection number, i.e., the second Stiefel-Whitney
class is non-vanishing on the bolt [8].
A very similar thing happens for the solutions with B = S2 × ...S2 × S2. For these solutions,
it is straightforward to show that each S2 factor generates an element of H2, and that each of these
elements has odd self-intersection. Thus, the Taub-bolt-(adS) spacetimes with this topology will not
admit a spin structure. On the other hand, the Taub-NUT-adS solutions all admit spin structure.
4Skenderis [11] has also mentioned these solutions as non-trivial examples to which one may apply the construction
of a regularised energy momentum tensor.
5Of course, the spacetime may still admit a SpinC structure
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5.1 The General Form of Solutions in Higher Dimensions
As we have noticed the forms of F (r) for different choices of the base space in certain dimension are
exactly the same. This is not a coincidence, the reason is that the differential equation one can get for
F (r) does not depend on the Ka¨hler metric or the potential A. As a result the function F (r) depends
only on the dimension, 2k of the base space. For any 2k we can integrate the Einstein equations to
obtain the general expression for F2k(r):
F2k(r) =
r
(r2 − n2)k
∫ r [(s2 − n2)k
s2
+
2k + 1
l2
(s2 − n2)k+1
s2
]
ds. (5.52)
Notice that the mass term here is the integration constant. As a result the form of F (r) for B = CP3
and B = CP4 will be the same form of F (r) which we found for solutions in eight and ten dimensions
respectively (again, these solutions should be regarded as the generalization of the Bais-Batenberg
solutions to negative cosmological constant in eight and ten dimensions).
6 Conclusion: Global structure of the Lorentzian sections
Here we have focussed on the Euclidean sections for the solutions. As we mentioned, we may recover
the Lorentzian sections simply by analytically continuing τ and simultaneously sending n2 to −N2.
We feel it is worth commenting on the causal structure of these solutions.
First of all, since we are in Lorentzian signature, roots of gtt = F (r) correspond to horizons in the
spacetime. In fact, a NUT (or bolt) is no longer a zero dimensional (or two dimensional) fixed point
set, but rather it is a chronology horizon in the spacetime. What this means is that we can move from a
region containing no closed timelike curves (the region where the coordinate r is timelike), to a region
containing closed timelike curves (the region where the compact coordinate t is timelike) by moving
across this horizon. So the Lorentzian sections of these manifolds generically contain closed timelike
curves in the bulk.
Furthermore, since n2 −→ −N2 the metric component in front of the base space part of the metric
is now
r2 +N2
This means that the horizon region is always non-singular (the curvature singularities only manifest
themselves on the Euclidean section) and so we may extend through the horizons without obstruction.
This also means of course that the ‘base space’ dimensions never collapse to zero size, and we do not
need to impose any regularity condition in order to avoid a conical singularity. This means that the
mass and NUT charge are no longer related (as in e.g. (2.4)), but they can be freely specified.
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